The no-ghost theorem for Neveu-Schwarz string is directly proved in 0-picture. The one-to-one correspondence between physical states in 0-picture and in the conventional (−1)-picture is confirmed. It is shown that a nontrivial metric consistent with the BRST cohomology is needed to define a positive semidefinite norm in the physical Hilbert space. As a by-product, we find a new inverse picture-changing operator, which is noncovariant but has a nonsingular operator product with itself. A possibility to construct a new gauge-invariant superstring field theory is discussed. * )
§1. Introduction
String field theory 1), 2), 3) (SFT) is one of the promising candidates to provide a nonperturbative definition of string theory. For the bosonic cubic SFT, 1) in fact, an analytic solution describing tachyon condensation was found 4) and used to prove 5) Sen's conjecture. 6) Successively, many other analytic solutions were also found and used to study nonperturbative phenomena in string theory.
7)-16)
On the other hand, superstring field theory (SSFT) is not well understood so far. The original cubic superstring field theory 17) based on the Neveu-Schwarz-Ramond (NSR) formulation has the divergent contact term problem. 18) This problem is caused by colliding picture-changing operators inserted at the interaction point and breaks the gauge invariance.
Then, in order to avoid this problem, a modified formulation based on the Neveu-Schwarz (NS) string field in 0-picture was proposed. 19 ), 20) * ) Several of techniques of solving the classical equation of motion developed in the bosonic cubic SFT can also be applicable to this modified cubic SSFT. Actually, a number of analytic solutions have been obtained.
26)-31)
However, the gauge-fixing procedure of the modified cubic SSFT is not so clear owing to the kernel of the picture-changing operator inserted in the kinetic term of the NS string field. In addition, it has recently been pointed out that there is another difficulty in the modified cubic SSFT. 32) We eventually encounter the same divergence as the contact term problem by repeating the gauge transformation with a Ramond gauge parameter. Hence, the finite gauge transformation cannot be defined. This divergence is inevitable as long as the conventional picture-changing operator is used.
Here, we focus on the first difficulty. One of the reasons for this difficulty is that the physical states of the 0-picture NS string are not properly clarified yet. They are known only indirectly through the relation with those in the conventional (−1)-picture. In this paper, we therefore study the structure of the physical Hilbert space of NS string and prove the noghost theorem directly in 0-picture. As its by-product, we find a new inverse picture-changing operator, which is noncovariant but has a finite operator product with itself. We propose a new SSFT using this new operator as a possible solution to the second difficulty. The gauge transformation in the new formulation can be integrated to the finite gauge transformation without any obstruction.
The modern BRST quantization of the bosonic string theory was first performed by Kato and Ogawa. 33) They proved that the physical Hilbert space is isomorphic to the conventional one spanned by DDF states 34) and, hence, has a positive semidefinite norm. This norm of string states is, however, a little nontrivial owing to the ghost zero-modes. While we concentrate on the NS string in this paper, a similar no-ghost theorem was also proved for the NSR superstring. 35), 36) In these papers, string states are constructed on the oscillator ground state annihilated by negative frequency modes as usual. The no-ghost theorem can be proved in a completely parallel way to the case of the bosonic string. 33) However, it is known that this ground state is not unique but there are infinitely many ground states labeled by an integer, so-called picture number. They provide inequivalent representations of the canonical commutation relation for the superconformal ghosts.
37) The conventional ground state is the one in (−1)-picture, called natural picture in this paper. The modified cubic SSFT is constructed using this degree of freedom. The NS string field is defined using the Fock space in 0-picture. By construction, it is guaranteed that the correct on-shell physical amplitudes are reproduced because they are independent of the picture chosen to be computed. However, the total Hilbert space in 0-picture, that is, the space of the off-shell string field, seems to be quite different from the one in natural picture. It is, therefore, worthwhile to prove the no-ghost theorem directly in 0-picture. We expect that it sheds light on the gauge-fixing problem of the modified cubic SSFT.
This paper is organized as follows. In §2, the physical state conditions of the NS string are studied directly in 0-picture. We construct the physical states in a similar way to the bosonic string 33) and show that there is a one-to-one correspondence between 0-picture physical states and conventional ones in natural picture. The no-ghost theorem is proved in §3. A natural norm of 0-picture states is induced from an inner product defined by introducing a metric consistent with the BRST cohomology. Then, we prove that the physical states have positive semidefinite norms. A discussion is given in §4. We find a new inverse picture-changing operator and propose a new consistent SSFT. This new formulation with the new picturechanging operator is unfortunately noncovariant but still has gauge invariance. In addition, the new gauge transformation can be integrated to the finite transformation without any obstruction. 
The ground state of the NS string is, therefore, doubly degenerated. For the other oscillators, the ground state |0 0 in 0-picture is defined by
Combining with the momentum eigenstate, p µ |k = k µ |k , it is useful to define
Here, it should be noted that canonical conjugate modes β − does. The NS string state is in total written in the form of the direct product
where |φ denotes a state in the Fock space F constructed on |0, k 0 .
The physical state condition of the NS string 35), 36) is then given by
with the BRST charge
where
The normal ordering : : is taken with respect to the 0-picture ground state (2 . 2). The first condition (2 . 5a), corresponding to the Siegel gauge condition in the context of SSFT, imposes |phys 0 = |φ ⊗ |↓ . The second condition (2 . 5b) on this state becomes
In what follows, we first define the subspace V L satisfying the on-shell condition (2 . 7a). Then, general physical states are constructed by solving the condition (2 . 7b) within this subspace.
Construction of physical states
In the beginning, the ground state |0, k 0 satisfies (2 . 7a) if the tachyonic on-shell condition α ′ k µ k µ = 1 holds. We introduce the light-cone coordinates u ± = 1 √ 2 (±u 0 + u 9 ) and choose a Lorentz frame in which the transverse momentum k i (i = 1, · · · , 8) is equal to zero. In this frame, the on-shell momentum for the ground state can be written as
where k + = 0 is assumed. The subspace V L is constructed on this on-shell ground state |0, k 0 0 as the Fock space spanned by the rescaled oscillatorŝ
where ϕ −q denotes oscillators α
These new oscillators commute with L and, hence, the states created by them on |0, k 0 0 automatically satisfy (2 . 7a).
Let us next examine the second condition (2 . 7b). Following the conventional method, 33), 35), 36) we take another rescaling
introducing a formal expansion parameter . As a consequence of this rescaling, Q B is separated into three pieces by the order of as
Here, the symbolˆon the oscillators is omitted because Q B is invariant under the oscillator rescaling (2 . 9). If we assume that the state|φ can also be expanded as |φ( ) = ∞ n=0 n| φ (n) and the condition
holds order by order in , equations 13) are obtained with the understanding that|φ (n) ≡ 0 for n < 0. The physical states can be obtained by solving Eq. (2 . 13) iteratively.
Let us begin with finding the physical tachyon state. In the lowest order, Eq. (2 . 13) is simply
14)
The on-shell ground state |0, k 0 0 does not satisfy this condition because it is not annihilated by γ 1 2 in 0-picture:
The physical tachyon state is in the first excited level and given in this order by 17) where the momentum k 1 is given by 18) and satisfies the correct on-shell condition for the physical tachyon, α ′ k µ 1 k 1µ = 1/2. In the lowest order, we can easily see that general physical states can be constructed on |tach 19) because the transverse oscillators commute with A. We introduce here the creation operators
for convenience. As in the case of the tachyon, we can iteratively solve Eq. (2 . 13) in principle. In fact, however, it is unnecessary because the problem is the same as the one in natural picture if we take the complete tachyon state |tach( ) 0 as the oscillator ground state * ) without expanding in . The solutions can be immediately written as 
We will see in §3 that the tachyon state should be reinterpreted as the ground state also from the study of the quartet structure. Because the physical states (2 . 21) appear similar to the conventional ones in natural picture, one may consider the relation between them. As a matter of fact, they must be identical because the physical spectrum is independent of the picture. We can answer this question with the help of the well known picture-changing operator * * )
Using X(z), rescaled by (2 . 10), one can show that 27) where |0,
) |0, k 0 0 is the physical tachyon in (−1)-picture. Considering the fact that X(z) commutes with the DDF operators, this gives the well known map between the physical states in 0-and (−1)-pictures. 37) In order to prove the no-ghost theorem, however, we must also demonstrate that all the physical states have the form of (2 . 21), which is far from trivial. §3. No-ghost theorem
Definition of a norm for 0-picture states
Let us first define an inner product in a manner consistent with the physical state condition (2 . 7). As explained in Appendix B in detail, a nontrivial metric G is needed to define * ) Here, the fractional power of i∂X + is defined by expansion around the zero mode α a consistent inner product with the BRST cohomology. The inner product between two 0-picture states |α 0 and |β 0 is defined using the nontrivial metric G by 0 α| G |β 0 , which naturally induces a norm of |α 0 as
The first task is therefore to find such a metric that satisfies the conditions
The first two, (3 . 2a) and (3 . 2b), are required for the consistency with the physical state condition (2 . 7). In particular, the condition (3 . 2b) guarantees that Q B -exact states have zero norm and are orthogonal to any physical state. The last two, (3 . 2c) and (3 . 2d), ensure that the physical states (2 . 21) have positive semidefinite norms.
Similar to the analysis of the physical states in the previous section, we assume that the metric G can also be expanded in as G( ) = ∞ n=0 n G (n) . Consequently, the conditions (3 . 2) are also expanded in and must hold in each order of . In particular, from the second condition (3 . 2b), we obtain
with the understanding that G (n) ≡ 0 for n < 0. This equation becomes simply
for n = 0 and is satisfied by
This is the most natural choice also satisfying (3 . 2a) and (3 . 2d) at the lowest order. Note here that this metric has a nontrivial kernel and therefore is degenerate. This degeneracy does not produce any difficulties but is necessary for consistency as explained later. Starting with this lowest-order solution (3 . 5), we can solve Eq. (3 . 3) one after another. The result is eventually written in a closed form as
where X + (z) is rescaled using (2 . 10). We note that the term including c 0 in Γ1
( ) and, hence, does not appear in the metric (3 . 6a).
No-ghost theorem for 0-picture NS string
Now, we are ready to prove the no-ghost theorem for the 0-picture NS string. The following proposition is first proved as the basis of mathematical induction. Proposition 1. Any state |φ 0 ∈ V L satisfying A |φ 0 = 0 can be written as
where P (0) is the projection operator onto the subspace generated by the transverse modes
where the arrow above the symbol indicates the ordering of product.
The proof is almost the same as the standard one 33), 35), 36) but some important modification is needed. We, therefore, give a proof in some detail with careful attention to the differences.
Proof. As already mentioned,β − . The operatorψ
creates a hole on this vacuum. * )
In view of this, we define annihilation operators
and creation operators
Their (anti-) commutation relations with A and themselves can be computed as
12e) * ) This hole has negative energy but causes no difficulty because it is decoupled from the physical states as a quartet.
respectively. These relations (3 . 12) show that the nontransverse modes form two quartets (ϕ n ,φ n , η n ,η n ) and (χ n ,χ n , ω n ,ω n ). Here, we must note that there is an asymmetry in the latter quartet. That is, annihilation operators (χ ± ), however, are in the kernel of the metric G (0) and, hence, orthogonal to all the states in the Fock space. The remaining operators with r ≥ 3/2 are proper quartets including the inner product structure. The projection operator P (n) onto the n quartet mode can be defined as
Using these projection operators, we can deduce that the general solution to A |φ 0 = 0 can be written as 14) where
We can prove the following second proposition by extending this result to all orders in . 15) where P ( ) is the projection operator onto the subspace generated by the DDF operators A i n ( ) and B i r ( ),
Proof. The proof given in the case of the bosonic string 33) still remains valid, because all the equations obtained by expanding in are identical.
Using the Proposition 2, the no-ghost theorem can be easily proved. That is, putting = 1 in (3 . 15), we can see that any physical state has a positive semidefinite norm: 17) using the (anti-)commutation relation (2 . 24) and the fact that the metric G( ) commutes with DDF operators (2 . 22) . Hence, we conclude that the physical subspace of the 0-picture NS string defined by (2 . 7) is free from ghost states. §4. Discussion
In this paper, we constructed a nontrivial metric to define a consistent inner product with the BRST cohomology in 0-picture. Inspired by this metric, we find a new BRST invariant inverse picture-changing operator This new picture-changing operator is unfortunately Lorentz noncovariant but has an important advantage. That is, it has a finite operator product with itself:
We can similarly obtain -picture Ramond string fields, respectively. The operator Y n nc is inserted at the midpoint. This action is invariant under the gauge transformation -picture Ramond gauge transformation parameters, respectively. Owing to the nonsingular operator product (4 . 3), this infinitesimal transformation can be integrated to the finite gauge transformation.
While this new SSFT is not manifestly Lorentz covariant, the noncovariance is expected to disappear in the physical quantities, which should be independent of the choice of the picture-changing operator. We hope that this new formulation gives a solution to the second difficulty 32) mentioned in §1. This new SSFT is now under investigation.
41)
where n ∈ Z and r ∈ Z + however, we cannot use this isomorphism because the BRST charge is not invariant under this exchange.
We can construct a map between the ground states in any two pictures using delta function δ(γ r ) or δ(β r ). For example, the ground state in (l ∓ 1)-picture can be obtained from the one in l-picture as δ(γ l+ The extension to the map between any two pictures is straightforward. Using these maps, the natural inner product (B . 3) can be rewritten as an inner product between states in a picture with a nontrivial metric. The delta function of a local field can also be defined using these delta functions of oscillator modes. Let us explain it by taking δ(β(z)) as an example. This definition depends on the picture of the state on which the delta function acts. For example, if it acts on the state in natural picture, it is defined by expanding around β − 
